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Abstract

In this paper, we study the portfolio optimization problem formulated by Lacker and
Zariphopoulou [5]. They formulate a finite time horizon model that allows agents to
be competitive, measuring their CRRA utility not only by their absolute wealth but
also relative performance compared to the average of other agents. We extend this
model to include an individual weight that an agent may place on each other agent
should they want to compete. We find the optimal control of this problem by deriving
the HJB equation then prove it is a Nash Equilibrium by showing it is a fixed point.
To find the optimal control in the graphon case, we first restrict the graphon to be
continuous then approximate the discontinuous graphon with continuous ones to use
this result. To conclude, we analyze the behavior of the Nash Equilibrium investment

strategy through simulations and compare with prior results.
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Chapter 1

Introduction

Today, as financial markets become more complex and interconnected, the pursuit
of optimal investment strategies has never become more important. Whether it be
individual investors or institutional investors, who manage important funds such as
pension funds or insurances, each seek to maximize their reward. Typically, we see
that this is not so straightforward a problem to solve as maximizing reward comes at
the cost of incurring high volatility. That is, while we can maximize our reward, we
also have a very high downside, thus what most investors pursue is maximal reward
while minimizing risk. This balance between risk and reward is achieved differently
for various investors: those that are more risk tolerant can see higher expected reward
but also a higher downside risk in the case that their investments rapidly decline.
Clearly, this optimal investment problem is rooted in decision making, a funda-
mental and important aspect of life. This type of decision making motivates an entire
class of problems known as optimal control problems. Such problems vary from min-
imizing fuel consumption for a rocket landing in space to determining the dynamic
price for a new product being introduced into the market. The first of these problems
has historical importance: it was widely studied during the race to the moon in the

50s and 60s [2]. To formulate each of these problems, given the dynamics of a system,



we pick variables called controls at each time step. We choose these decision variables
based on the information that is available in order to optimize some objective. In
the rocket problem, given the dynamics of the rocket moving through space, we may
pick a(t) at each time step ¢, where this represents the thrust at time ¢ achieved by
burning fuel. By formulating this optimization problem as in [2], we find that it is
optimal to use either the full thrust or not use thrust at all.

Overall, it is clear that this class of problems allows for powerful modeling in
decision making problems; therefore, we use this to model the optimal investment
problem. Here, the controls we define are the proportion we invest in risky assets
at each time step. The goal thus of our research is to develop a model to provide
this optimal strategy for investors, who are individually competitive with one another
and, in general, have varying attitudes about competition. Doing so not only provides

important results in an economic sense but contributes to the field of graphon games.



Chapter 2

Literature Review

In this section, we begin by reviewing studies of the single investor optimal invest-
ment problem, classically known as Merton’s problem. We expand the setting by
considering n investors who seek to optimize investments as well as outperform other

investors, then finally look at a continuum of investors who seek to do the same.

2.1 Merton’s Portfolio Problem

In 1969, Robert Merton produced his groundbreaking paper “Lifetime Portfolio Se-
lection under Uncertainty: The Continuous-Time Case” which formulated the single
investor optimal investment problem as well as produced a solution [7]. Note that
in his paper, Merton uses different notation; however, for consistency, we write the
equations using the same notation as in the remainder of this paper.

We first delve into the model itself as gaining intuition for this is essential to
understanding the dynamics in subsequent sections. Merton’s problem investigates a
singular investor who seeks to maximize their terminal expected utility by investing

in a risky asset and a riskless asset. The riskless asset, normally thought of as a bond,



has price S? that evolves, with fixed interest rate r, according to the following:
dsy = rSpdt. (2.1)

The risky asset, traditionally thought of as a stock, has price evolution according to

the following stochastic differential equation:
dSt = ,UStdt + O'Stth, (22)

where p > 0 is a constant notating the drift rate of the price process, o > 0 is also a
constant representing the volatility of the price, and W is a standard Brownian motion
on a filtered probability space. Now define ¢; as the investor’s consumption per unit
of wealth at time ¢, where we assume ¢; € [0,1]. Moreover, let m; be the proportion
of wealth (potentially negative) invested in the stock at time ¢, taking values in some
closed, convex subset of R, say A. Consequently, 1 — 7; is the proportion invested in

bonds at time ¢, thus we have the investor’s wealth process as:

X X (1 —
= il dSt —+ t( 0 Trt)ds,? — Xtctdt.

Intuitively, the investor buys X,m;/S; shares of stocks with X;m; of their wealth given
the price S; per share. The same reasoning holds true for the number of bonds the
investor buys. Now, substituting Equation (2.1) and Equation (2.2) for the bond and

stock price processes respectively then rearranging, we have:

dXt = Xt(ﬂt,u + (1 — 7Tt)7“ — Ct)dt + Xtﬂ'tO'th.

With this wealth process, Merton formulates the optimization objective of an



agent, given some terminal time 7T, utility function U, and discount rate p as:

T
max [E [/ e P°U(csXs)ds + B(Xr,T)
(m,c)eAXC t

where A and C are the sets where the strategies take value in. Moreover, B is defined
by Merton as the bequest valuation function written as ¢! e ?TU(X7).! Here, the
parameter v € [0,1) is the risk aversion and the parameter e allows us to scale the
utility of the bequest in comparison to the utility from consumption. Since Merton
specifies that 0 < € < 1, we know that the agent derives significantly less utility from
wealth left as a bequest than from wealth consumed.

To find a solution to this optimization problem, first consider an agent with con-
stant relative risk aversion (CRRA) utility, where we may see that 1 —~v = 1/6 is the

Pratt measure of relative risk aversion:?2

%x”, if v#0
Ulz;y) =
log(z), ify=0.

The solution to the problem over a finite time horizon (i.e. T is finite) or the optimal
fraction invested in stocks 7*(¢) as well as the optimal consumption rate ¢*(t) was

derived using Bellman’s Principle of Optimality.®> The solution is as follows:

— L forv#£0
- ve—1)e—v(T—t)"
Tt = —2M " and c*(t) = L+ (ve—1)ev =
o (1 - ’7) 1 f
Toeger forv=>_

where v = %y The fraction invested in stocks is surprisingly independent of time

'We may alter how we value terminal wealth by using a separate utility function from U(X7).

2Throughout this paper, we will see that § is the inverse of the risk aversion measure, and we
will eventually define this as risk tolerance of an agent.

3Bellman’s Principle of Optimality is the discrete time analogue of the Hamilton-Jacobi-Bellman
equation which we use for our continuous time setting.



and has thus acquired the name “Merton’s fraction.” The solution in the infinite time
horizon case is almost identical.

Merton also derives a solution using similar techniques for the Constant Absolute
Risk Aversion (CARA) utility but only in the infinite time horizon case with the
CARA utility defined as:

Uw) = —e"% /1,

where 1 > 0 is Pratt’s measure of absolute risk aversion. The resulting solution is

. a—r . p—r+(a—r)?*/20?
T nro2X (t) an () =r+ X(t)nr

Since Merton’s paper has been published, this investment problem has become a
fundamental, widely studied problem in portfolio theory. As we discussed, Merton
assumes investment in a singular stock and a singular bond which we may expand to
multiple stocks. Note also that Merton employs several simplifying assumptions, such
as constant interest rate as well as constant parameters in the stock price process (i.e.
constant p and constant ). While the topic of expanding these parameters has been
addressed in papers beyond Merton, we will see that these assumptions are useful in
the tractability of our problem, thus we only consider literature which employs these

4

simplifications.* Nevertheless, in Merton’s model, it is clear that a singular agent

investing in the market is not a realistic model and thus we extend this to n players.

2.2 Competitive N-Agent Models

As mentioned before, analysis is typically extended to the n-player setting to obtain
a more realistic model of the market and hence this model is more complex. With n

players, we may study how these players interact, or how the actions of other players

4Aside from the graphon game where literature is not available for constant drift and volatility.



affect a particular player. Here, we seek to find the Nash Equilibrium of players —
where no one player would be better off should they unilaterally deviate strategies.

In particular, consider n investors each seeking to achieve the same goal as pre-
viously stated. That is, they hope to maximize their expected utility while consum-
ing their wealth at intermediate periods. Without interaction between agents, this
problem boils down to the single investor problem, thus hasn’t been widely studied.
Rather, the extension of Merton’s problem to n-players with a specific interaction was
first introduced by Espinosa in 2010 in his PhD thesis, but more formally presented
in his paper “Optimal Investment Under Relative Performance Concerns” [1] which
was first published in 2011. As in Merton’s problem, he considers the market to
contain one riskless bond but now d risky assets. Here, he introduces a setting where
the agents interact by competing, where each agent seeks to relatively outperform his
competitors.

Using Espinosa’s model for the CARA utility case, we consider the arithmetic
mean as the metric agents compete against. Excluding agent ¢, this average may be
written as Yy’ := &3, ; X}'.5 Then, we consider the following objective, with .A being
the set of admissible portfolios, which we will define later for our purposes, and 6;

being agent i’s competition weight on the average of other agents’ wealths:

sup E [U; (1 - 60:) X7 + 0,(X; — Y7))]

mieA

=sup E [Ui (erp — HiYJ’Q)}

mieA
1 0; , -
=sup E [— exp (—— ((1 - —) Xt — HZYC}))} . (2.3)
meA 0; n

Clearly, the first supremum above shows how each agent takes into account a convex

combination of their absolute wealth as well as their relative wealth (i.e. how much

5Note that we will use k # i throughout this paper to denote all agents k from 1 through n
excluding agent 1.



more wealth they have than the average). Moreover, we write U; as a general utility
function for each agent 7, but Espinosa specifically considers CARA utility parame-
terized by ¢;, the ith agent’s risk tolerance: U;(x;0;) = —e”%". Thus the last step
reflects this choice of utility function.

Espinosa proceeds to provide optimal solutions under various portfolio constraints
by using equilibrium pricing; however, these techniques lead to n-dimensional BSDE
(Backward Stochastic Differential Equation) systems and thus are hard to solve as
noted in [5]. Because this paper finds difficulty with the well-posedness of the prob-
lems and solutions, Espinosa mainly proves the existence of the Nash Equilibrium
and thus we look to [5] which solves this competitive n-agent model using stochastic
optimal control techniques as was done in Merton’s paper.

In [5], Daniel Lacker and Thaleia Zariphopoulou explicitly solve out the Nash
Equilibrium for the CARA utility case, using the objective introduced by Espinosa
in Equation (2.3). They make a key assumption for tractability that investment
strategies are chosen at time 0, and are thus constants (i.e. 7, = 7). Moreover, they
assume that the market consists now of n stocks, where S for stock i € [n] is agent
i’s individual stock.® The market also consists of a common riskless bond (with 0

interest rate). Thus we have the stock price is:
dS! = p;Sidt + v;S:dW;] + 0,Sid B, (2.4)

Here, p; > 0, v;,0; > 0 are all constants with p; is the drift rate, v; is the volatility of
the prices for stock i (idiosyncratic volatility), and o; is the common noise that affects
all stocks equally (systematic volatility). They also enforce that v; + o; > 0. Wis a
standard Brownian motion on the filtered probability space (Q, F,F = (F;)wcpo,, P)-

We will use the same probability space for subsequent sections.

6Note that we will use the notation [n] to denote the set {1,...,n} for the remainder of the
paper.



Enforcing some measurability conditions for the 7 proportion the agent invests
and taking A to be the set of admissible portfolios, Lacker and Zariphopoulou then
write the ith agent’s wealth process as, using the same process as we introduced in
Merton:

dX} = X7} (pdt + v, dW} + o;dBy) (2.5)

with initial condition X = x{.” The solution to this problem with objective in Equa-
tion (2.3), where other players have fixed strategies, is derived through the Hamilton-

Jacobi-Bellman (HJB) equation in [5], and is as follows, for constants defined by

Z N ERRRTIPSILY o VNI S
o2 + vi(1—6x/n) " n i o2+ vi(1—6i/n)
If v, < 1, the Nash equilibrium is given by:

; i Uz‘ #n
z*_(;i 02 2.

else if 1, = 1, there does not exist an equilibrium.
They also introduce, for the first time, modeling this problem under CRRA utility.

Here, each agent compares themselves with the geometric mean of agents® defined by
1

Y, = (Hk i Xf) ", Again, we consider our utility function parameterized by 4;:

AL | e |
Ul<$, (Sz) = 1o (27)

log(x), ifd; =1.

Then, we have the following objective, with X1 being the geometric mean of all agents

"This is true since dX| = Xéfz dS} then we substitute Equation (2.4) for the stock price process.
t
8This is due to the difference in the form of the utility and leads to tractability of the problem.

The interested reader may read [5] for more discussion on this topic.




(including @) at terminal time 7™

sup E [Ui (X;Y;Qi)} — sup E [Ui (XT/YT>] .

mieA mieA

The authors prove that the constant Nash equilibrium always exists, and thus for

constants

1 HiO,

k=1
1 & ol
(= — 0,.(0, — 1 k
v n; (0 )02+V,3(1+(5k—1)9k/n)

the constant equilibrium is given by:

g; ©n

wi* = 6 a —0,(5; — 1)

"2+ 121+ (6; — 1)8;/n) (2.8)

In 2019, Daniel Lacker and Agathe Soret introduced consumption into this com-
petitive n-agent problem, noting that it was the first paper to do so [3]. However,
they only introduce consumption per unit wealth ¢! for the CRRA utility problem
and not for CARA utility. Under consumption, the new wealth process for agent i is

similar to Equation (2.5) with the intermediate consumption term:
dX} = X}l (udt + vy dW; + 0:dBy) — i X} (2.9)

and thus the optimization objective for agent i is given by, where U is the CRRA
utility function defined in Equation (2.7),
T . . .
sup | [ / U ((dX)0@E,(0)Y)™":6) + eU (X0) 0y % 6,) |
(rt,ch)eAxC 0
(2.10)

Here, ©_i(t) = ([} e (t))%. We may see that the optimization problem now includes

10



an integral since we care about intermediate consumption in addition to the final
wealth. Furthermore, we use ¢; > 0 to scale the terminal wealth in accordance with
the importance the agent places on intermediate consumption compared to terminal
wealth. The solution to this 7** is the same as in the non-consumption case given by

Equation (2.8). For the optimal consumption, they write:

1
1 B e ¢ )] i3
| (L -2)e ) A0
i = (ﬁl Moo (2.11)

(T —t+ At if ;=0

where f3; and \; are constants defined in [3]. While we can find solutions in the CRRA
case, these n-player problems are limited in tractability. As noted in [3], the CARA
utility function with consumption only potentially has a solution. Thus, finding a
solution using a different model could be beneficial, as a more tractable framework
extends itself to more complex models. Thus we look at Mean Field Games (MFGs)

to solve this problem.

2.3 Mean Field Games for Competitive Agents

The first application of MFG theory to portfolio optimization is in [5] by Lacker and
Zariphopoulou looking at both CRRA and CARA utility functions. Moreover, the
introduction of consumption into the MFG for CRRA utility is done in [3]. The MFG
is a framework where, rather than n agents, we assess the continuum of agents (i.e. as
n — 00). This analysis is useful to analyze a large population of players as analyzing
the n-player game directly can become intractable due to the combinatorial explosion
of possible states and strategies. This framework allows the model to become more
tractable by understanding the distribution of states or strategies in the population
rather than tracking every individual interaction.

We look at Lacker and Soret’s analysis of the MFG in [3] with consumption for the

11



CRRA utility case as that is the most general. To analyze the MFG, we first consider
the n-player game where each player ¢ € [n] has type vector (; := (&;, 0, 0, s, Vi, 0;).
Here, the agent’s type vector is their specified initial wealth (£), individual preference
parameters (6, ), and market parameters (i, v, o). The equilibrium strategies (for
investment and consumption) in the n-player game, as in Equations (2.8) and (2.11),
only depend on this type vector as well as the type distribution of these type vectors,
written as m, = %Zzzl dc,. Thus as n — oo, by Law of Large Numbers, the
type distribution converges weakly to m, a limiting probability measure and thus the
equilibrium strategy converges as well. Rather than doing this analysis in context of
the n-player game, we represent the MFG as its own game for a continuum of agents
with type distribution m.?

Thus, to analyze the MFG, the authors pick a representative agent at random from

the continuum of agents and assign them a random type vector ¢ := (£, 9,60, u,v,0)

then solve. They solve by first considering
X, = expE[log X;|FP] and T, := expE[logc,|F7],
the continuous analog of geometric mean.'® The objective is

T
sip E U U (¢, — 02:0) dt + €U (X — 0 ) (2.12)
0

(m,e)eAMF

Using the HJB equation to solve, the optimal solution (7%, ¢*) is (the unique strong

9This explanation is adapted from [3] and [5]. For more careful analysis, we defer the reader to
either of these papers.
10Here, we also condition on the filtration generated by the common noise for consistency. That

is, we want exp E[log X;|FP] = X.

12



equilibrium):

s Oop 000 —-1)0 ¢
i 02412 o242 1+

(e e

(T —t+ X1 if =0

which is exactly the same as what was derived in the n player game rather with the
limit of the original constants.

In this model, we may see that these competition weights 6; are quite restrictive,
since agent ¢ may only weigh the average of the other agents. It does not take into
account whether agent i cares more about agent j as opposed to agent k (j,k # i €
[n]). Thus, we keep this 0; to measure how much the agent ¢ cares about their relative
wealth compared to their absolute wealth and introduce a new parameter. The rest
of this paper focuses on this model with this new parameter both in the setting of
n players as well as in the setting of a continuum of players should that make the

problem more tractable.

2.4 Graphon Games for Competitive Agents

Since these weights are individual, the MFG approach cannot be extended to this
model as it can only be used for homogeneous agents (up to their type vector). This
weight, in fact, breaks the symmetry required for the MFG and thus we look at
graphon games to analyze this more heterogeneous problem.

The introduction of the weight \;; for which player ¢ weighs player k£ with was done
both in the n-player game and in the limit in [9] by Ludovic Tangpi and Xuchen Zhou.

Here, Tangpi and Zhou consider a slightly different model than the ones described

13



above where the stock evolution for each player u € I where I = [0, 1] is as follows:
dS; = diag(S)")(py'dt + o' dW + o dW})

where we now have a continuum of stocks indexed by u. Here, we consider a riskless
bond with zero interest rate as we did before, but now the drift term and volatility
terms are not constants rather they are dependent on time. Moreover, as opposed to
Lacker and Zariphopoulou’s model, each agent in the continuum of agents invest in
all stocks as opposed to being restricted to their own individual stock. Thus agent
u’s wealth process with strategy 7" follows the dynamics below, where we assume the

agent does not consume wealth at intermediate periods:
dX} =m - (570} dt + o dW + oy dW)),  X§ =&

where $¢ = (of, 07") and 6 = S¢ T (Zpp) - . Tangpi and Zhou then fix graphon
G : IxI — I which is a symmetric and measurable function. The utility maximization

problem for agent u is the following under CARA utility:

VoS = V5 () ou) (2.13)

= sup E [— exp (—i (X;i’”u —E [p/X%’”UG(u,v)dM}"}]))} (2.14)
TUeAC Tl I

where F* := (F}")icpo, is the P-completion of the filtration generated by W*. Here,
since the agent uses the CARA utility function, the model subtracts the arithmetic
average of other agents’ wealth from the agent’s wealth. The main result of this
paper is firstly that the graphon game exists and secondly that the n player game
with discrete weights converges to the graphon game with a continuum of weights.
Tangpi and Zhou prove these results extensively both in the common noise case and

without. In our paper, we consider a similar problem but with the CRRA utility

14



under constant drift and volatility terms as well as only investment in individualized
stocks. However, we approach the graphon game without using the BSDE methods

introduced in this paper, rather we use aforementioned HJB equations.

15



Chapter 3

Weighted N Player Game Model

In this section, we introduce a model, similar to that introduced in [3] for CRRA
utility, but where we introduce a new parameter to weigh each individual competitor.
This new problem can be formulated as a question: in a game of n agents, how do
we maximize the expected terminal utility of each agent who have an individualized
competition weight with respect to each competitor, as well as a relative performance
weight to determine how much they care about competition? We proceed to solve this
new problem by deriving the Hamilton-Jacobi-Bellman equation, guessing a suitable
ansatz, then obtaining a closed form solution for the optimal control. To extend this
best response solution to the Nash Equilibrium, we prove that there exists a unique

fixed point of the best response using the Banach Fixed Point Theorem.

3.1 Introduction

To start, we formulate the optimization objective for the CRRA utility function in
the n-player game with individual weights. This model looks similar to (2.10) that
we introduced in the n-player competitive agent model.

Throughout the remainder of this paper, we will work on the probability space

(2, F,F,P) where the filtration F = (F)co,q is the natural filtration generated by

16



the Brownian motion of each stock as well as the common noise. Again, we have that
each agent’s wealth evolves as in (2.5), assuming a zero interest rate, with each agent
trading their individual stock 7 at each time step ¢ over a common finite investment
horizon [0, T:

dX} = Xjmi(pdt + v, dW} + o;dBy)

with initial condition z{ € R. Each individual stock i here has drift rate p; > 0,
volatility v; > 0, and common noise coefficient o; > 0 where o; + v; > 0. Note that
the Brownian motions By, ..., B,, W are independent. Each agent uses the CRRA

utility function as below, with personal risk tolerance parameter 9; > 0:

Ui(; 8:) = (1-%)a"" it #1

log(x), if ;= 1.

Specifically, each agent i seeks to maximize their expected utility under this CRRA
utility. They do so by picking the optimal control 7! at each time step ¢ € (0,7
where this represents the fraction of wealth invested in stocks. 7 is an admissible

strategy if it satisfies the following definition.

Definition 3.1.1 (Admissible Strategy). A portfolio strategy m is admissible if it is
an R valued, F progressively measurable process satisfying the integrability condition

E[ [ |m|2dt] < oc.

Thus, if each agent i picks admissible strategy 7' for all i € [n], agent i’s expected

payoff J; is the following:
. -\ —0,; . n 3 Ezzll Xz'k
Ji(rt, ... 7)) =K [U <X’T (Y;) " ,(2)} , where Y} = H(th))‘““ . (3.1)
k=1

Expected utility here is a function of the competition parameter which captures the

tradeoff between absolute and relative wealth: with 6; close to 0, agent i gains utility

17



from a higher absolute terminal wealth whereas 6; close to 1 signifies that agent ¢
gains utility from outperforming their competition, the weighted geometric mean of
other agents’ terminal wealth.

Again, we see the similarities to Lacker and Soret’s model introduced in [3], the
only difference being the added parameter weighing each individual agent X,k That
is, sz € [0, 1] is the weight that agent ¢ gives each other agent k when competing with
them. We make the modeling decision to write Y7: as the above with sz in exponent

since this is equivalent to

, 1 o~
logVii = = § :/\ik log( X5,
n
k=1

which is the weighted arithmetic average.
Xik is similar to #; which weighs the whole population but rather is individualized:
if sz is 1, then agent ¢ cares about agent k’s wealth whereas if sz is 0, then agent i is

indifferent to agent k’s wealth. We take i = 0 as we don’t want agent ¢ to consider

itself in its competition. We define these weights more formally as an indicator below:

1

~ )

/\ij =

if agent ¢ cares about agent j’s performance

0, otherwise.

Thus, the weight parameter and the competition parameter #; work in conjunction:
while the weight of each agent that agent ¢ cares about is 1, we know that these
weights can be magnified by 6; close to 1 or diminished by 6; being close to 0. Now,

we may write as before

i K\ e Nk kA
Yy = H(Xt) " = H(Xt> "

k#i k#i
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Aik

i 1
n .
k=1 /\ik

where \;, = >
Given this model, we seek to find a Nash equilibrium of the n players defined in

[5] as the following:

Definition 3.1.2 (N-Player Nash Equilibrium). A vector (7'*,... 7#™*) of admis-
sible strategies is a Nash Equilibrium if, for every player i = 1,...,n, the following

inequality holds true for all admissible strategies ™ € A:
FAC AT NI oA I A SR S S LA sl ) (3.2)

In addition to the above condition, if, for all players i, their corresponding strateqy

7* remain constant over the finite horizon [0,T| (formally, 7" = 7" Wt € [0,T)),

this s a constant Nash Equilibrium.

We prove the existence of a Nash Equilibrium by fixing other players strategies
to be (7!,... 71 # 7") then computing the best response of player i and
finding a fixed point. This is done by maximizing the payoff of player i in (3.1) over

7', where we consider the set of admissible strategies A:

sup E [U (X;”“ Y 5)] . (3.3)

mieA

To solve this optimization problem, we must derive the Hamilton-Jacobi-Bellman

(HJB) equation and find the solution.

3.2 HJB Equation

Each agent must now solve the same optimization problem as in (2.10). To solve, we
will need to derive the HJB equation. While typically, a problem with n agents lends

itself to an n-dimensional HJB equation, we rather treat the geometric mean Y; as an

'Each )\, is thus fractional and retains the property of \;; = 0.
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uncontrolled state variable. This allows us to derive a single HJB equation. Before
deriving the HJB equation, we first proceed in a similar manner as the competitive

n-player game, deriving the dynamic of this new state variable Y;.

3.2.1 Derivation of Geometric Mean Process

We start off by fixing agent i as well as constant (time-independent) investment
strategies for agents k # i (i.e. we may write 7F = 7%). Thus, each X} solves (2.10)

with initial solution X} = %, that is:
dXF = XFr*(uedt + vpdW} + o4d By). (3.4)

The application of 1t6’s formula allows us to write:

1
d(log XF) = (er — 5(0,2 + u,z)w“) dt + v dW} + opntdB,. (3.5)

We may see that d(logV}') = %Zk# A\ird(log XF) and thus, using the above (3.5),

d(log ;) = (Aim_i — 5)\i27r2i> dt + = e dWF + Niow_;dB,
n
ki

where \jum_, = %Zk# Nipfixm™, ¥ = 02 + v? and thus \;\Nn2_; = %Zk# )\ikEkﬂkQ.

M have that Nor_; = . Ao and Nor; = 1 Apvpr”
oreover, we have that \jom_; = ;Zk# awoRm and \vm_; = gzk;ﬁi VR

Using It0’s formula again to find d(Y}), we find that:

dY; = Y;i(n,)dt + Y v . dWE + Y Nor dB, (3.6)
— — 2 — —
where n; = \um_;, — % ()\Z-EWQ,i —\iom_; — %(Aiuﬂ){i) defined in terms of \;um_,,

—

Ai2m?_; and )\/,U\W_i which we defined previously, and (\vm)?_, = %Zk# )\?kl/lfka.
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3.2.2 Derivation of Coupled HJB Equation

To find the best response of player i, we derive the HJB equation, with Y}’ being the
solution to Equation (3.6) and X being the solution to Equation (3.4). However for

simplicity, we write the SDEs as, where they are valued in R":

dX; = b7 (¢, X)dt + v (8, X)dW] + o1 (t, X])dB,

dy; = b (Y )dt + v (, Y)AW] + o (¢, Y;)d B,

with initial conditions X} = z{ and Y = yj. We couple these as one process Z' =
(X%, Y?). We use notation Z%"*¥ for the process Z* with initial condition (¢,x,y) €

[0,7] x R™ x R™.

Theorem 3.2.1 (HJB Equation). The coupled HJB equation for the above problem

is the following for constant control a’* € R and value function o' :

#} + sup [wébE Db 4, (XY 070l 4 Sl (47 4 o)
ate
1 i 2 2
+ 52" + ol )} =0.

To derive this, as in [8], we first state the Dynamic Programming Principle (DPP).

Theorem 3.2.2 (Dynamic Programming Principle). For any F measurable stopping

time 0 € Tir, where Tyr is the set of [t,T] valued stopping times:

o' (t,x,y) = sup B [¢'(0, Zy"")]
ate A

for control o' = (o)seo), @ progressively measurable processes valued in A C R"
and (t,xz,y) € [0,T] x R™ x R*. Moreover, f; is a measurable function such that
fi :0,T] xR" x Ax C — R for each i € [n]. Finally, we define ¢' to be the value

function such that ¢ (x) = supyic 4 Ji(7h, 72, ..., 7 ol 7 oL 7") where J; is the
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expected payoff as in (3.1).

Prooof of Theorem 3.2.1. Consider the stopping time § = t + h where h is a small
value, and ¢ is some time. Moreover, we fix constant controls a! = a' for some

arbitrary a’ € R. By the DPP in Theorem 3.2.2, we know that:
o't w,y) = E [ (¢ + b, Zi )] - (3.7)

We start by looking at the right hand side, specifically ¢'(t + h, Z; Jf,f ) where we

assume @' € 12 in the interval [t,t + h].2 We may then apply Itd’s Formula:

‘ ‘ t+h a i t+h a 7 a
(4 b, ZHY) = (¢ d Py 9200 g
90( + t+h ) 90(7xay)+/t 8t 8+/t (ax 3 8

t+h 82 i t+h 1 82 % 2 2
L C)) ( ) (z) Y (@) (z)
—l—/t 0x8y(yi +0; a )ds —l—/t 3 a2 (v, + 0,7 )ds

t+h 1 92, i t+h i i
120" (2 09 (@), 9% ) :
27 () d '$ 4?J d 7
—|—/t > 0 (v; —l—a ) S—l—/t 5 Vi + 2y 2 W

t+h a 7 a i
—i—/t <(9x op +_8y Uz(y))d .

Taking the expectation of this, we know that the Brownian motions W¢ and B;

are independent for all ¢ by prior assumption and thus E[dW!dB,] = E[dW!]E[dB].
Moreover, we know that the stochastic integrals (i.e. integrals with respect to dW!

or dBs) have 0 expectation since they are martingales vanishing in 0.> We obtain:

t+hai t+h az az

© Y () Y ()

d b, b d
/t 3t5+/t <<95W+3y’)5

O ) V9 4 oW L TR
—i—/t 8350@;( +0,"0, )8+/t 282(% +0,7 )ds

t+h 2 4
LO%" e | (w2
+/t 5 7 5 ( v, + 0,7 )ds|.

2To the unfamiliar reader, this denotes the set of continuous functions differentiable in time ¢
and twice differentiable in x as well as y.

3Typically, such stochastic integrals would only result in a local martingale. However, since we
impose appropriate integrability conditions on the integrand, we recover a true martingale.

Elp'(t+ h, Zo55Y)] = ¢'(t, z,y) + B
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By Equation (3.7), since ¢i(t,z,y) > E [¢'(t + h, Z;{i7¥)], we may substitute the

above expression into this equation:

" dp 9y @ , 990
/t atdSJr/t (axb’ o )ds

g2y VP 4 5@, L e | (w2
d (@ N
+/t 8:L‘8y( + 0! )s+/t 5 X W 4o as

1 %! WP 2 -
[ 3GE T ol is| < )

¢ (t,r,y) + E

Clearly, this is exactly

ag@ t+h agpi () 3901' W) t+h 8290i @) (
/t BT —l—/t 5 Vi + oy 8+/t axay(” v, + 0,0, )ds

t+h 2 1 t+h 2, 1
1O%%" w2 | (@ LO%%" 2 | (w2
—i—/t §8I2(Vi + 0, )ds+/t 282(i +0;” )ds| <0.

E

Now we multiply by + and take the limit as h — 0. We also rewrite ¢ as ¢'(s, Z%)

to represent that it is a function of s and Z,

1
lim—E
im N

/t+h 09(5,2)) | 06'(5, 25) ) | 095, Z) ) | P95 20) ), 0
’ ot oz ‘ dy ‘ 0zx0y

2 i i 2, i i
@ _wy , L8, Zy)  wp | @2y, 198, Zy) |

—|—U O' )+§T<VZ +0i )_‘_58—3/2(% —|—O' ) dS §0
Here, we may use the Fundamental Theorem of Calculus, since taking the limit as
h — 0 is equivalent to taking the derivative, thus by evaluating at s = ¢, we obtain
0p'(t, Z;) | 09 (L Zy) @) 0P (L Z0) ) | O (E, Z)

9 ) b$ Y b'y ) t (CC) (y) (Z‘) (y)
ot + or i + ay i + 81’8y (Vz v + 0; "0 )

1P Z)) w2 | @2y, 1P Z)) 2 2
5 0x? : (Vi() +gi()>+§ 0y? : (Vi(y) +Oi(y)) <0.

E

We know that Z; = (z,y) and so we may get rid of the expectation as well as simplify
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9" (t,Z})
ot

notation, where ¢} = and other partial derivatives are notated similarly:

. . . . . . 1 ; )2 )2
it A+ b + o, (Y + oo + e (" + o)

1 i 2 2
+ 3¢ +o) <0

This above inequality is true for all a*. Thus we may write that the inequality holds

for the suprema, where a' takes values in R:

, o . , . " 1, )2 )2
o+ sup [gp;bg ) 4 w;bgy) + gozzy(l/i( WY 4 oWy 4 59%96(%( "ol
ateR

1 . 2 2
+ 500" + 0 )] <0,

where ¢! is not in the supremum as it is a function of only ¢,z,y. For the other
inequality, we follow the same steps instead taking a®* and c¢** to be the optimal

controls in the DPP. That is, ¢'(t,z) = E[p'(t + h, Z;f,fyac)] We apply It6’s

formula to @' (t+h, Ztif’,f’y’ai’*’ci'*) as we did before and follow the same steps applying

h leading to:

ot ox ! dy ! 0y
179t Zy)
2 Ox?

g9 Z) 0042 @) 0P ZY) ) 0P, t)(ym v)

179'(t, Z})

(z)? ()2
(v;" +o0,7 )+ 2 o

O 1 of 0 1 o) ~0.

7 7

We take the supremum and realize that this is at least 0 by the above:

d¢'(t, Z) 00 (t, Z}) ) 09", Z)) ) PP (L Z])  (0) )
E ) ) bz ’ b‘y y Lt (z Y
T G e e v R
1020 (t, Z¢ 10%pi(t, Z!

1o°¢(t, t)(y<w>2+ @ 4 1 ' (t, t)(y(y>2+o_zgy>2>>} > 0.

(=) _(v)
B U R R B

(2

We know once more that Z} = (z,y) and thus we may get rid of the expectation as
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well as simplify notation:

#i+ sup {%bg Db 4, (XY 00 4 Sl (4 4 o)
ate
L w2, w2
+ 590yy(7/ +0; ) >0

We may combine this with the previous inequality to get the coupled HJB equation

with equality:

: i A , . " 1, )2 )2
i sup [ 0+, (A 4 0109) 4 Lot 047 1o
a*€R

1 i 2 2
+ 5%@;(’4‘@) +o )] =0

3.3 Solution to Weighted N Player Game

3.3.1 Best Response Strategy

We first state the HJB equation derived in Theorem 3.2.1, plugging in the original
coefficients of the X Itd process and Y It6 process as in Equations (3.4) and (3.6)
where ¢'(z,y,t) is the solution:
i i( i i i i N oo L i 2
@i + sup | @y (7" 1) x + @y (0:)y + @4, (T v - 0 + T roy Mo ;) + 5@9“((71 Tv;)
mteR
— 2

+ (r'z0;)?) + égozyyyz(g(kimr){i + Nom_,)| =0
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with terminal condition ¢ (x,y,T) = ;U (x1~%/my=%: §,).* Rearranging and splitting

apart the suprema:

i if i i N o L 2 i
@+ sup | T (PLpT + o, TYTINTT ;) + 5P, T 2% | + ©yy(n;)

TI'ZGR N - 2 J/
A
T
+ §g0yyy2(ﬁ()\il/7r)27i + Niom_;) = 0.

Now we may take the derivative of the first suprema to find the optimal 7:

dA

- = P+ @ I?/Uz‘)\/ia\ﬂ—i + ph, e = 0.
dﬂ-z Yy

This is solved by

—

. — ;T ?E — O;\OT_;x ?E
i — 1P TPy (3.8)
Zzﬁ@?gz
We may plug this back in and the equation becomes:
i (Nz«f@; + Uim—ixy@?py)Q 1 i 2 1 —— — 2
P, — R oy () + Syy” (- (Avm)?_; + diom_;) = 0.
(3.9)

For each of the two cases for the CRRA utility function, we make separate ansatzes
and solve.

8; # 1: We make the following ansatz for the solution ¢, for some function of ¢
denoted by f;(t). Since the terminal condition at time 7" must be the expression as

in Equation (3.3.1), we put f;(T) =1 as well:

1

-1
S t) = 6 (1 - 5) RO mOY5), 0015 £y (3.10)

4This suprema is finite if the function is concave which is clearly true.
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We plug this back in and divide by ¢; (1 — 5%) - g(1=0:/m)(1=1/0)y =0:(1=1/0:) * Note that
we may do this since ¢}, ypi, 2%p., and 3! all yield this expression with this
constant in front of it (as well as an f;(t) which we do not divide out as it does not
appear in ;). Thus we may rewrite the equation, replacing the constant expression

with p; defined as:

. < 1) (u —0/n) (e — 001~ 1/5) N0, )

1 — 9
+ mg) 62(1 —1/6,) — O + %ﬁ?z)

With this, we have the following equation:
1\ !
0= (1-5) £ +nfi: (3.11)

This differential equation is easily solved by f;(t) = €” i<1_5%)(T_t). Plugging in and

using the verification theorem, we have that the optimal control or best response of

player i is:®
; 5z,uz — O'Z‘/\Z‘O'ﬂ'_igi((si — ].)
b = ) 12
T T T )0 (- /)5~ D) (312

d0; = 1: With §; = 1, the utility can be written as:
U (()(;)1—01/77,()/151)—01/717 51) _ log (xl—Gi/ny—Qi/n)

Now we make an ansatz with value function ¢ for some function of ¢ denoted by

fi(t), where we put f;(7") = 0 to fulfill the boundary condition:

n

. 0.
¢ (x,y,t) = U (" 0my= 0 6,) + fi(t) = (1 — —Z> logz — 0;logy + fi(t).

5This is a classical result in optimal control theory that guarantees that the function ¢ is the
optimal value function for the problem and 7 is an optimal control if ¢ satisfies the HJB equations
and meets the boundary conditions as well as if 7 optimizes the Hamiltonian.
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Plugging this into the HJB equation in Equation (3.9), we get

fit)+pi =0

with
e
P 9062 112

) ) /\/\2 ()\/\)2
Z : in + i 0T _,; + n VT il
['hen cleally h(l&) is

fi(t) = pi(T — 1)

and plugging ¢’ back in, we get

Again, we use the verification theorem to prove this is the optimal control and thus

player i’s best response.

3.3.2 Existence of Nash Equilibrium

To prove that the best response we found in Equation (3.12) is the Nash equilibrium

1,%
.

(7 .., m*), we now show that a fixed point of this mapping exists and is unique.
We begin by stating the Banach Fixed Point Theorem, the main tool we will use to

prove this result.

Theorem 3.3.1 (Banach Fixed Point Theorem). Let ¥ : X — X be a function on
the complete metric space (X,d). If ¥ is a contraction mapping, that is, we have that
Ve, o' € X,

d(V(z),¥(z") < ed(x,x)

for e < 1, then ¥ admits a unique fixed point.

To use this theorem, we first define the complete metric space as (R™, d) where
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for ), 2® € R”, the Euclidean distance d is written as

Define the vector m# = (7!,...,7") € R". Then the function ¥ : R" — R" is
the following: W¥(w) = (¥(w)!,..., ¥(m)") where each element is the best response
derived in Equation (3.12):

digti — 5 2o (Miyoym?)0:(0: — 1)
(07 +v2) (0 — (1 = 0;/n)(6; — 1))

U(m)' =7 =
Now, to show there exists a fixed point ¥(7r) = 7, we prove that ¥ is a contraction
mapping then invoke the Banach Fixed Point Theorem.

Theorem 3.3.2. The function ¥V defined as above is a contraction mapping for suf-

ficiently large n.

Proof. We prove this by computing for any w,w € R™

d(U(m) — U(n')? = Z |mt — 7|2

Plugging in, we have:

2

Oipti — % 320 (Nijoym)0i(di — 1) g — % 370 (Nijoym?)0 (6 — 1)
(2120 — (L= 0 n) 6 = 1)) (0242200, — (1 — 6 /m) (0 — 1))

—Z

We may rearrange terms, noting that the only term that differs is that with 7/ and

'

n

=2 ( n(o? +1/)(((571%((5i:;)/n 5 —1) )

i=1

— )

]
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By Cauchy Schwarz, we can bound the second term of the product:

0:0;(6; — 1) b e
_Z<( (24 026 — (1 6,/n)(5, 1)) )Z%ﬂ )).

Now note we have that \?;0? < (maxjep,) 0;)® since 0 < A < 1. Denote C' to be

(max;ep,) o). Then we know that, since d(w, w’)? =Y "_ (7! — )2,

_ 71'71-’2 . CJZQZ((S 1) 2
= d(m, )Z( (0 +u)(5—(1—9/n)(5—1>>> .

=1

Clearly, we may bound the above as required if

2
1 n CUiei((Sifl)
<ﬁ Zi:l <(UZ'QJFV?)(51'*(1*91'/”)(51*1))) )

€ = y
n

where the numerator is an average over bounded parameters for each agent and the
denominator is y/n. Thus as n grows, we see € becomes small. For sufficiently large

n, € < 1 and, hence, ¥ is a contraction mapping on R". O

As a result of the above theorem, we may invoke Banach Fixed Point Theorem
and say that for enough players in the n-player game, ¥ admits a unique fixed point,

thereby proving the existence of such a Nash equilibrium.®

3.4 Discussion

In the logarithmic case, we see that the new investment strategy is exactly the same.
This is an artifact of the logarithmic utility function which causes agents with such
utility to not be competitive. In the general CRRA utility, the investment strategy

is similar to that proved in [3] for the unweighted case presented earlier in Equation

SNote that this equilibrium is a constant Nash equilibrium since 7 is time independent.
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(2.11) with the exception of the definitions of our constants. This is expected as
the only change in our formulation is the inclusion of individualized weights which
doesn’t change the problem significantly and thus the optimal strategy would be
similar in competing with weighted averages rather than the original averages. We
discuss more about the properties of the optimal investment strategy in Section 5.3

since the n-player solution has similar structure to the graphon solution.
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Chapter 4

Graphon Games

Now consider taking the number of players n to the infinite limit. We use a graphon
game to represent this network of interactions. To do so, we first build out relevant
theory for graphon games then proceed to find the Nash equilibrium under CRRA

utility.

4.1 Background

We build out this theory, taking concepts from [9]. Rather than indexing as we did
before, where we studied agent i € {1,2,...,n}, we now represent this as a continuum
with agent u € [0,1]. Hence, each strategy, rather than being represented as 7*, is
represented as 7. Moreover, for the market model, we have now a continuum of
stocks for each agent and therefore a continuum of Brownian motions (W"),cp.1). We
also have B that we had established previously as the Brownian motion for common

noise. Thus, we write the following for each stock:

d u
Si = lydt + v, dW} + 0,dB,
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with constants u,, v,, and o, defined previously as drift rate and volatilities respec-

tively for stock u. Player u’s wealth is:
dX} = " X (pudt + v, dW + 0,dBy)

similar to what we defined before. Here, the difference lies in the total utility. Orig-
inally, the CRRA utility, without consumption, was defined as in Equation (3.3),

rather now we define it as follows:

sup E [U (X77Ym—0)] (4.1)

TveA

where

Y = exp (E [ /0 ' Gluw) 1og(Xf)dv\ftB])

is the weighted geometric mean of the continuum of agents. Moreover, G(u,v) is the
continuous analogue to A, or the weight player u places on player v. More generally,
G is a graphon or a bounded, measurable, and symmetric function G : [0,1]? — [0, 1]
which measures the interaction among a continuum of agents. Now we proceed to

define a graphon Nash equilibria.

Definition 4.1.1 (Graphon Nash Equilibria). A family of strategy profiles (7*)uer

such that for u € [0,1]:

E [U (X;’fr" (YT“)G)} — maxE {U (Xéﬁ’““ (YT”)Q)} .

This definition essentially means that should we fix a strategy profile for all players
v # u, then the strategy player u picks is the one that maximizes their expected utility.
In other words, there is no incentive for any player u to deviate from 7" as it yields
the maximum expected reward. Now that we have defined all relevant definitions, we

proceed to solve for the graphon Nash equilibrium.
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4.2 Solution

4.2.1 Derivation of Ansatz

To approach this problem, we first derive the It6 process for Y;*. We know that Y;*

is defined as the following:

1
Y =exp (E {/ G(u,v)log(X})dv
0

)

Thus we begin with the Ito process for X;:
dX} = 7" X7 (pdt + v dW) + 0,dBy).
Using It0’s formula, we see that:

1
dlog(X}) = X7 dX” — §7r (Vg + o2)dt.

Computing fol G(u,v)dlog(X})dv, we have

1 1
/ G(u,v)dlog(X,)dv :/ G(u,v) ( ! dXx; — 17r (V2 +o )dt) dv.

Expanding this, we get:

! 1
/ G(u,v)dlog(X})d G(u (7? po = 5T 7 (V2 +012})> dtdv
0

+

= [
/

1
G(u, ) v, dW /) dv —|—/ G(u,v)r’o,dBydv.
0
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Now taking the expectation conditioned on the filtration generated by B and finding
dlog V¥ = Uo (u, v)dlog(X?)dv| FP } we have

1 1, 1
dlogV}" = IE[/ G(u,v) (W“,uv — §7r” (V2 + 012})) dtdv + / G(u, v)m v, dWdv
0 0

1
+ / G(u,v)m'o,dBdv
0

-l

Here, the dependence on F7? arises from the investment strategy 7°. All other terms
with individual parameters and W, are independent of this filtration. Thus, the
conditional expectation of the dWW}' term is just the regular expectation which is 0

since the stochastic integral is a martingale vanishing in 0. Thus we have:

1 1 -
dloth“ — ]E|:/ G(u’v) (ﬂ-vu’l} _ 571-” (Vg + Ug)) dv
0

FtB} dt

1
+ E[/ G(u,v)m'o,dv
0

EB} dB;.

Taking 7, := fo (u, v) o E[n* | FPldv, 7@, = [, G(u,v)o,E[x°|FE)dv
22, fo v | FFdv, and 7202, fo (u,v)o2E[r v? | FB], we may rewrite

this as:
1l = == —
dlogY" = (7@, — 5(7r21/2u + m202,))dt + 7o, dB;.

Using [t0’s formula again to transform this process to the desired dynamics with the

exponential function, we get the following:

dY = Y (ydt + 7,dBy),

where v, = 71, — 5(72v?, + w202,). Now we treat (X', Y;") as a state process and

use the coupled HJB equations derived in Theorem 3.2.1. While the value function

is ©"(t,x,y) for each player u, we drop this superscript and (¢, z,y) for notational
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simplicity and we also use the notation ¢; = %‘%u for all partial derivatives:

s =]
0=+ sup |p,m"vpy + oy (T, — §(W2V2u + 7202,) + 5%3)
TveR
— 1 1
+ YT Py (0TT) + 2P puem S (Vi + 00) + Ppu; (7T2) |-

In turn, we may make the following ansatz for the solution ", for some function of
t denoted by f,(t). Since the terminal condition at time 7" must be ¢%(x,y,T) =
U, ((zy)~%;6,), we put f,(T) =1 as well:

1\ o
go“(x,y,t) _ <1 _ 5_) I(l 1/5u)y 0. (1 1/5u)fu(t)- (42)

We plug this ansatz in (dropping the superscript u for notational simplicity) and

-1
divide by (1 — i) 2 (171/0u) g =0u(1=1/3u) t get the following:

/ u ]' ]'
0= fu() + fult) { sup |71 = =) (s = Ou(1 = =) (0uTTu))
THeR 6u 6u
- iu - i)w“ (V2 +02) — 0,(1 — l)(w — Z (722, + 7202,)
20, Ou v “ Ou “o2 “ “
1_, 1 1 6., __9
+ §7rau) - 2(%(1 - 5—u)(—9u + o 1) (7o)

Then clearly the solution to this is:

Fult) = xp (= s |71~ ) = 801 = o)

TeER u

B PR N 2y _ A 1 2,2
2(;u(l 5u)7r (V2 +02) — 6,(1 5u)(7mu 2(7r v2, +m202,)
1 1 1 0., __
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4.2.2 Continuous Graphon Solution

Note that we cannot directly take the derivative with respect to 7" in the above
expression as each of the integrals contain 7%. As a result, we assume Riemann
integrability and write each integral as the limit of a Riemann sum. This assumption

is true under the conditions outlined in the following theorem.

Theorem 4.2.1 (Riemann-Lebesgue Theorem). A function f is Riemann integrable

if and only if f is bounded and the set of discontinuities of f has measure 0.

This holds as we are given G is bounded, and we can bound the deterministic
constants { i fuefo,1], {0utucpo) and {v,}uecpp,1)- Further, should we restrict G to be
a graphon that is continuous a.e., then the integrals in Equation (4.3) would be
Riemann integrable.!

Then, we may write Equation (4.3) as the following, where 70"\ = % SV Glu, ;)

E[r"|FP]o,, and we define other Riemann sums using similar notation with v; as the

partition point:

fult) = exp < —(1- (%) sup lim [W%Nu —0,(1 - %)(Uuﬁiv))

uw mueR N—o0 U

1 g 1 —N —N
g (V2 4 02) — Ol — (R 7

20, )

1/\]\[2 1 u —~ N2
+ 370 ) — §0u(—9u + 5 1) <7T0'u ) (T — t)] >

In order to derive an explicit form for the solution, we must swap the supremum and
limit which can be done should the strategies be restricted to a compact set since the

other parameters are bounded. Thus we restrict 7% such that 7* € A where A C R

!This is somewhat of a restrictive assumption on the weights players can place on one another.
While we could consider many nontrivial graphon examples like G(u,v) = uv or max(u, v), we work
to extend this in Section 4.2.3.
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is a compact set. Then we may write the following:

w N—o0 TwER m

fult) = exp ( ~ (1= 5) im_sup [wwu 61~ ) (eT)))

— EW“Q (V2+02) — 0, (T — 5 22, + 7202,
1 a2 1 0., N2
+ 5700 ) = 50—t + 5+ = 1) <muN ) } (T — t))

Now, to take the supremum, note that for all of the above Riemann sums, we can
take the derivative with respect to 7 (with the respective deterministic functions

multiplied into this sum):

The first equality follows from that we pick 7% to be deterministic when taking the
supremum and thus E[7%|FP] = 7.2 Moreover, the last equality follows from the
assumption that player u puts 0 weight on themselves or that G(u, u) = 0. Taking the
derivative with respect to m* of the supremum expression and finding critical points
yields:

1 __ 1
o, — O (1 — 5—)((7“7?057) - 5—7T“ (V2 +02) =0.

u u
u u

Thus the 7% that satisfies such is:

T = V2 1 o7 . (4.4)

2From here on out, thus, the constants defined earlier are deterministic. One example of this
being 7, = fol G (u, v) i, E[?|FP]dv which is now exactly equal to fol G(u, v) oy w¥dv.
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Using this expression to find an explicit form of the ansatz in Equation (4.3), we see

N

u

2
N

(Mu - gu(guﬂ-au )) Oy 0., N =N =

- — | @mp, — 7?2, — wlo?

fu(t) = €xp <_ (1 o l) lim -2 (1/2 + 0'2) 2

0y N—oo

+ 7Y + (=0, + g—z —1) (7?552))-
From here, we see that all Riemann sums have been preserved thus we take the limit
and see convergence to the respective Riemann integral. Further, we know that the
Riemann integral and Lebesgue integral coincide here due to our prior assumptions;

therefore using our shorthand for the Lebesgue integrals, we obtain

((Mu ~ 0,0 - Do) Gu=1)

1 -
— _ =7 _ 727,2 _ 252
£ = 2021 o7) 5 (1 5u> <(27mu w22, — w202,

0
PR 4 (Bt ) (ﬁi)),

and hence the final function is

fu(t) = e£T70),

This corresponds to " = limy_,o 7 where 7% is as in (4.4). This is exactly:

e _ Qg — 0u(0u — 1)(0u7TTu) (4.5)

2 2
Vu+0—u

Normally, we would use the verification theorem to claim that the 7% we solved for
is the optimal control; however, this is not so obvious with the convergence argument

we use. Thus, we prove that this is the optimal control alternatively by first denoting
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the Hamiltonian as

H(m") =" (1 = =) (pu = Ou(1l = =) (0uTTu))
1 1 1 1
— (1= )gu2 (2 2y _ 9 (1 — — _ (722 2,52
25, (1= 5 (it 00) = 0,1 = ), — 5(%2, + 7207
1 1 1 0.,
+ 5#03) — —0,(1 — a)(—ﬁu + 5 1) (7o)

For any other strategy 7% € A, we derive:

H(m%) = lim HY(79)
N—oo
where H” is the Riemann sum approximation of the integrals. Moreover, we claim
that since 7 optimizes H"V

lim AV (79) < lim HY(7%)

N—oo N—oo

= H(x").

Therefore, we have that H(7%) < H(x"), ¥r¥ € A and thus is the optimal control.

4.2.3 General Graphon Solution

In this section, we derive a solution for the general graphon case to broaden the
prior result for continuous graphons. The solution we find should intuitively match
up with that for the continuous case. To derive this general result, we approximate
the graphon with continuous functions then use the same Riemann approach for
each continuous function. Once we have strategies for each continuous function, we
analyze convergence and prove that this final strategy is the optimal control. In order
to approximate G' with continuous functions, we must first understand the following

well-known result.
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Theorem 4.2.2 (Lusin’s Theorem). Let (X, M, u) be a measure space, and let G :
X — R be a bounded, measurable function. For every e > 0, there exists a compact

set E C X and a continuous function F : X — R such that
1. G(z) = F(x) forallx € E,
2. (X \ E) <e.

This theorem implies that within any given level of approximation ¢ > 0, one can
find a continuous function F' that approximates the measurable function G closely
on a large portion of the domain, with the measure of the set where G and F' differ
being less than e.

For each k € N, we choose ¢, = 1/k and then apply Lusin’s Theorem to obtain
the continuous function G and a compact set Fjy with the above properties, mainly
that G = Gy on Ej. Note that as k — oo, (X \ E) < 1/k decreases to 0 thus the
set where G, and G differ decreases to being of measure 0. Therefore, as k — oo, we
have Gi(z) — G(z) almost everywhere.

We analyze the function f,(t) as in Equation (4.3) for each Gj. Denote 7" =

u

fol G (u,v)m’o,dv and we define the other approximations using similar notation. We

know then the approximate ansatz for each Gy, is the following:

g = exo (= sup [0 = )l = 001 = 5 )o7E)

TveR

Since each (G is continuous, we may proceed as in Section 4.2.2, by first writing
the integral as a Riemann sum, then finding the optimal control. We use that we
may interchange G with G as the continuous result we had derived holds for any

graphon G and, hence, the optimal control corresponding to G} is as in Equation
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(4.4), which we denote as 7} in terms of Riemann sums. As we saw previously, these
Riemann sums converge to the Riemann integrals (and hence Lebesgue integrals by
our assumption) thus we derive Equation (4.5), which we write in terms of Gy, here:

w Oupty — 0,(0, — 1) (0 7TTF)

This converges in limit as k& — oo to the below since G (z) — G(z) a.e..

ot Outty — 0y (6, — 1)(0yTT,)

v+ o2 '
Note that this is the same expression as the continuous case. We must simply show
now that this is indeed the optimal control. We prove such by first denoting the

Hamiltonian as we did above:

1 1
H(m") ==m"(1 - 6_)(/% —0,(1 - 5_)(+Juﬁ1L))
— L( — =) (,,2 + 02> —6,(1 — i)(m — l(w_2,/2 + 202,,)
20, Ou oo “ Ou “o2 “ “
1, 1 1 0., .,

For any other strategy T € A, we know that:

HE) = fim fim G

where H}Y is the Riemann representation of the continuous approximation (i.e. with

functions Gy) of the Hamiltonian. Moreover, we claim that since 7} optimizes H}':

lim lim HY(7%) < lim lim HY (7Y
k—o00 N—o0 k—o00 N—o0

= H(m").
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Therefore we have that H(7%) < H(7*"), for all 7% € A and we conclude that 7" is

the optimal control. Rewriting the optimal control without shorthand notation:

o St — 04 (0 (0w fo (u,v)m avdv)' (47)

2 2
Vu_'_au

4.2.4 Existence of a Nash Equilibrium

To prove that the best response we found in Equation (4.7) is the Nash equilibrium,
we show, as we did in the n-player game, that a fixed point of this mapping exists
and is unique. We again use the Banach Fixed Point Theorem stated in Theorem
3.3.1, first proving the necessary conditions.

We first define a complete metric space (£2([0, 1]), d) where £2[0, 1] denotes the set

of square-integrable functions on [0, 1]. Moreover, for f,g € £%([0,1]), the ¢, distance

d(f,9) \// (z))? dx.

Now let 7 : [0, 1] — R be a function in £2[0, 1]. We know the function ¥ : £2([0,1]) —

d is written as

£2([0,1]) is the following for each u € [0,1] due to the best response derived in
Equation (4.7):

5u u 9u u
\Ij(ﬂ')u - H O fO

(u,v)Tlo,dv)
2 2 :

To show there exists a fixed point U(7r) = 7, we prove that ¥ is a contraction

mapping then invoke the Banach Fixed Point Theorem.

Theorem 4.2.3. The function ¥ defined as above is a contraction mapping for

[ ((WT;”) ([ G(u,v>2<auav>2dv)) <t
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Proof. We prove this by computing, for any =, 7" € £2[0,1] :
1

A0 (), O (') :/ R
0

We see that the v, u, terms cancel out and we may factor out the common terms to

get:
L 0,(6, — 1)\ ! ?
_ u\Bu — ) v —a1"o,dv| du.
/0 < VIt o2 ) Uu/o G(u,v)(r’ — ") o,dv| du
Factoring again, we have
L0406, — D\ [ ?
= —U u G v—qg¥ uvv d d .
/0 ( s ) /0 (1, 0) (7" — 7Y (Guo )| du

Now, we may use Cauchy Schwarz on the integral squared in order to get:

_ /O 1 (%)2 ( /0 1 G(u,v)Q(auav)de) ( /0 v — W“’)de) du.

By definition of the ¢y distance, this is

= d(m, 7)? /0 1 (%)2 ( /0 1 G(u, U)Q(UUUU)Zd'U) du.

Hence, we deduce that we must have

- /01 ((%‘O_;))Q </01 G(u,v)2(auav)2dv>) du <1

in order for ¥ to be a contraction mapping. O

As a result of the above theorem, we may invoke Banach Fixed Point Theorem
and conclude that for ¢ < 1, ¥ admits a unique fixed point, thereby proving the

existence of a Nash equilibrium.
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4.3 Stability Analysis

Informally, stability means that if the graphons differ by a small amount then the
resulting strategies differ by a small amount in expectation. To show stability of the
solution, we want to first define such a metric that captures the distance between two

graphons.

Definition 4.3.1 (Cut Norm). For graphon G, the cut norm is defined as

G(u,v) dudv

|G|l := sup
1 IxI

Moreover, we define the following norm which is equivalent to the cut norm:

Definition 4.3.2 (L> — L! operator norm).

1Glloos1 := sup{[|GellLipa = ¢ € L7[0,1], || < 1},

where Gp(u) == fol G(u,v)p(v) dv.

Furthermore, we know that the following relation holds by [4]:

9llo < llglleos1 < 4llgllo (4.8)

which we will use later in our proof. Now that we have the above facts, we proceed

to prove stability of the solution, defined formally in the theorem below.

Theorem 4.3.3. The equilibrium strategy is stable. That is, if for some € > 0, where

|G1 — Gsllo < € then for the corresponding m, s, there exists Spouna > 0 such that

EHT‘J - 772“% S 5bound
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where
L Outty — 0,(8, — 1)(0 [ Gi(u,v)wva,dv)

T =
2 2
Vu+0u

and
s Oty — 0u(8, — 1)(0y [ Galu,v)w¥a,dv)

i
2 2

Proof. By simple math,

2

i = | S2C D (o, [ - Gatw v

2 2
Vy +Uu

2

Let AT = o, fol(Gl(u,v) — Go(u,v))m0,dv. Then,

Ellr — 223 = (M) N (1.9)

2 2
vi+ o

We proceed to bound the AT by first bounding the absolute value:

1
AT = |o / (G (1, 0) — Galu, v)) 7 o
0

which is the following since o, > 0:

Al = o, :

/0 (G (1, 0) — G, v) 7 orgd

. 1 . .
We may normalize 70, by fo m’o,dv since ¥ and o, are nonnegative:

1 1 o
|AI :O'u/ o, dv / (G1(u,v) — Go(u,v))———dv|.
0 0 fo mo,dv
Now we may define the function ¢1(v) := =2 —. Note that ¢; € L0, 1] since

T
f() TV oy dv

7¥ and o, are bounded by prior assumption and |¢;| < 1 through our normalization.
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Then, we may upper bound the above quantity by the suprema over these:

1
ATl < oy (/ W”avdv) sup
0 P2

This is equivalent to the L>® — L! operator norm we defined in Equation (4.3.2).

/0 (Ga(u, 0) — Galu, 0))pr(v)du]

Hence, we rewrite as such:

1
ATl < oy (/ 7TUO'UCZ’U) |G — Galloos1-
0

We group terms together and bound this quantity by the inequality relating the cut

norm to the L> — L! operator norm in Equation (4.8):

IAI| < (4]|Gy — Gollo) (au (/Olwvavdv)) .

We know that both 7 and o, are nonnegative and pointwise bounded thus finite at
every point. Since we are integrating over a finite region, the integral of the product of
any two of these is bounded. Therefore, let C' = o, ( fol W”avdv> for constant C' > 0.

We also know that by assumption ||G7 — Ga||o < € and so we have
AT < 4eC.

We now use this to bound ||AI||3. In order to bound this term, first note that by

definition of the L' norm, we have:
1
Ny N
0
and so we may compute a bound for the L! norm as:

1
|ATL; < / 4eCdu = 4eC.
0
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We also know that ||Alll; < ||AI|l;.> Therefore, we have
|AIy < 4eC.

Plugging this into Equation (4.9):

Bllr — 722 < (M) (4eC)

2 2
vi+ oz

(—0u(6u—1

2
where we may set dpound := ( o D) (4eC'). Hence, we conclude our solution is

stable. O

3This is easy to prove by Cauchy-Schwarz.
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Chapter 5

Simulations

To understand the behavior of our Nash Equilibrium strategy, we simulate by fixing
parameters while changing others. We do this specifically in the graphon case as
this has a smooth equilibrium over the players u € [0, 1] as opposed to the discrete

strategies posed by the n-player game.

5.1 Methodology

In order to simulate, we must first find 7* which is not obvious from Equation (4.7).
This is because we did not find an explicit form rather showed there was a fixed
point to this mapping under some condition. To represent 7", we would thus need
to numerically find a fixed point of the mapping. The algorithm to find such is in
Algorithm 1 where we use the formula we found for 7**, plugging in the old value of
7" into the right hand side of the equation and solving to find a new value of 7. We
keep iterating until there is convergence.

Finding the expected terminal wealth is more complex — we generate 5000 paths
of the process X; and average the terminal wealths X7 to get E[X7]. To generate
these paths, we first set dt to be the number of time steps in a year, here 1/250 for

the number of trading days per year. We also set NV to be the total horizon T" divided
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Algorithm 1 Fixed Point Calculation
function FIXEDPOINT(j1y, Oy, Ou, Ouy Vi, Opy V)

pi_old < 1.0, maz_it + 1000, eps < 1073
for k < 1 to max_it do
int < fol pi_old x G(u,v) x o,dv
pinew < (0y X fy — 0y X (8, — 1) X (0, x 1nt))/ (V2 + 02)
if |pi_old — pi_new| < eps then
return pi_new
end if
pi_old < pi_new
end for
return pi_old

end function

by this dt and thus N is the total number of time steps we simulate over. Now,
to generate a path for X;, for each of these N time steps, we generate two random
samples, dW; and dB;, from the normal distribution with mean 0 and variance dt.
We then update X; by adding X,m, (p.dt + v, dW; + 0,dB;) where we found 7, in our

fixed point calculations above.

5.2 Mean Field Game Simulation

To simulate the MFG, we know that each agent interacts with other agents the same,
i.e. G(u,v) = 1. The symmetry of the game also means that we do not have to find
a fixed point numerically, rather we may compute the solution analytically by first

using Equation (4.7) with G(u,v) = 1:

1,
S 5uuu - eu(éu - 1)(UU fO T O_Udv) . (51)
vi+to?
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We multiply this expression by o, and taking the integral over v and get

! léuuu_ ueuéu_l u ' vvd
/ WuUudU = / Tult ? ( )(0 fo e U) du.
0 0

2 2
vi+ oy

Let fol mUo,du = 7o. Then this is exactly:

u.

1 . . —_
ﬁ_/ OuOutty — 0u0u(dy 1)(0u7m)d
0

2 2
vi+ oz

Rearranging, we get:

520, (6, — 1 Ls
ﬁ<1+/ u0u(0u —1) )) :/ wublu g\
0o Vito: 0 Vitol

Then, we have

0
+’

TO =

(5.2)

where v = fo “2‘1‘”; du and 9 = f Loy 03 Jf“Q du. Note that this is equivalent to what

was derived in [3] where instead of expectations over the type parameters such as

U= E[Uyg(f: 21)] we have these averages explicitly in terms of integrals.! Recall that
an average of a function f(u) over 0 fo u)du which is exactly what we
have. Plugging Equation (5.2) back into the expression for 7% given by Equation

(5.1), the optimal strategy becomes

5ulj“u — 0y (5 - 1)(1+¢)

u
m =
2 2
Vy 04

With this explicit form, we may set the following parameters for the graph: u, =
0.5, 6, =09, 0, =09, v, =06, v =1, ¢ = 2 and our time horizon T" = 1.

This results in the graph in Figure 5.1. In the MFG setting, that is without player

n [3], they use similar notation v but ¢ instead to write our +.
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Expected Wealth E[X7]

0.00 0.25 0.50 0.75 1.00 125 1.50 175 200
Risk Tolerance 6,

Figure 5.1: Expected Wealth versus Risk Tolerance in the MFG

interactions on the individual level, this graph highlights that as risk tolerance grows,
our expected wealth grows as well. This agrees with our intuition that the more risky

an investment is, the higher expected return.

5.3 Bilinear Graphon Simulation

For the case where G(u,v) = uv, we do not have an explicit form for 7% and thus
we use Algorithm 1 to find a fixed point by setting parameters conveniently. We set
similar parameters as before: u, = 0.5, 6, =0.9, 0, =0, =0.9, v, = v, = 0.6 for all

players v # u and time horizon T'= 1. This allows us to write the integral as

1 1
/ G(u,v)o,dv = / 0.9uvdv
0 0

which integrates to 0.9u/2. The graph is as in Figure 5.2.

Here, due to our graphon, we know that the index coincides with the amount of
interaction agent u has with other agents. That is, if u is larger, player u interacts
more and vice versa. In the Figure 5.2 thus, we see the same pattern as we saw in

the MFG for the bilinear graphon in that as risk tolerance increases, expected wealth
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Figure 5.2: Expected Wealth versus Risk Tolerance for Different Interaction Levels

increases (regardless of the amount of interaction).

Moreover, we see that an agent that interacts less in this model tends to outper-
form agents that interact more if the agent’s risk tolerance is greater than 1. This
coincides with the solution in the CARA utility case in [6] since agents that interacted
more had lower expected terminal wealth than those that interacted less. However,
if risk tolerance is lower, it is not clear from Figure 5.2 exactly what happens. Thus,

to more closely analyze these trends, we look at the graph in Figure 5.3.
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Figure 5.3: Expected Wealth versus Interaction Level for Different Risk Tolerance

In Figure 5.3, it is clear that for a smaller risk tolerance, an agent that interacts
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with a greater number of agents has a higher terminal expected wealth (albeit not
very clear for ¢, = 0.23). That is, the graph of expected wealths is increasing in
u when 0, < 1. This agrees with a similar finding from [3] where they measure
interactions through solely the parameter 6,. Here, they find that, for §, < 1, agents
invest more for a higher 6,, leading to a higher terminal expected wealth. This paper
also says that as 6, decreases and 9, > 1, agents invest less. In our setting, we may
similarly see that only when risk tolerance is high enough (9, > 1) does an increased

number of interactions lead to a lower terminal expected wealth.
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Chapter 6

Conclusion

In this work, we introduced an individualized competition weight into the model
in [5] by Lacker and Zariphopoulou then derived the Nash Equilibrium investment
strategy both in the n-player game and the graphon game. This weighted n-player
and graphon models is somewhat similar to that of [9] introduced by Tangpi and
Zhou, although we analyze CRRA utility rather than CARA utility with constant
drift and volatility terms as well as investment in individual stocks. Moreover, our
approach to finding the optimal control for this model is similar to [5] in deriving
the HJB equation for the n-player game and graphon game. However, the work done
to prove the existence of a Nash Equilibrium, approximation techniques to find the
optimal control, and stability analysis performed in the graphon case is entirely novel.

The resulting solution coincides with the MFG when the graphon is constant and
thus exhibits similar behavior in this case. We see that increases in risk tolerance
leads to increases in expected wealth linearly. Moreover, the investment strategy we
derived, regardless of the graphon we set, behaves similarly to that for the MFG. We
compare these solutions by using 6, as a proxy for G(u,v) in the original model in
[5] since both measure the amount of interactions.

Future work would attempt to find an explicit form for the Nash equilibrium 7%
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rather than simply show the existence of a fixed point in both the n-player game and
graphon game. While this explicit form is found in other papers such as [3] and [5],
the averaging technique these papers use does not apply in this work as the parameter
A;j or the graphon G(u,v) is a function of two players. Moroever, future work here
may try to gain a more general condition for the existence of a fixed point in the
graphon case since the condition we gain is not easily interpretable nor easily fulfilled
as opposed to the n-player game.

Furthermore, an easy way to extend this would be to introduce intermediate
consumption into the problem. We expect the n-player strategy to look the same
as the one we derived. We would also expect consumption to look similar to that
in model without the weights; that is, as in [3]. However, extending consumption to
the setting of the graphon game would be more difficult due to the approximation
techniques we used, although it should follow similarly.

Finally, a different direction in which this model could be extended is by allowing
agents to invest in multiple stocks rather than just their own stock. This idea was

explored in [9] where each player is allowed to invest in the same vector of stocks.

o6



Bibliography

1]

8]

G.-E. Espinosa and N. Touzi. Optimal investment under relative performance

concerns. Mathematical Finance, 25(2):221-257, 2015.
E. Hubert. Optimal learning: Lecture notes for orf 418, 2022.

D. Lacker and A. Soret. Many-player games of optimal consumption and invest-

ment under relative performance criteria, 2019.

D. Lacker and A. Soret. A label-state formulation of stochastic graphon games

and approximate equilibria on large networks, 2022.

D. Lacker and T. Zariphopoulou. Mean field and n-agent games for optimal

investment under relative performance criteria, 2018.

M. Lauriere, L. Tangpi, and X. Zhou. A deep learning method for optimal invest-

ment under relative performance criteria among heterogeneous agents, 2024.

R. C. Merton. Lifetime portfolio selection under uncertainty: The continuous-time

case. The Review of Economics and Statistics, 51(3):247-257, 1969.

A. Parashar. Mean field games for optimal investment under relative performance

criteria, 2023.

L. Tangpi and X. Zhou. Optimal investment in a large population of competitive

and heterogeneous agents, 2023.

o7



